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ABSTRACT In this paper the geometrical properties of gel and fluid clusters of equimolar dimyristoylphosphatidylcholine/
distearoylphosphatidylcholine (DMPC/DSPC) lipid bilayers are calculated by using an Ising-type model (Sugar, I. P., T. E.
Thompson, and R. L. Biltonen. 1999. Biophys. J. 76:2099–2110). The model is able to predict the following properties in
agreement with the respective experimental data: the excess heat capacity curves, fluorescence recovery after photobleach-
ing (FRAP) threshold temperatures at different mixing ratios, the most frequent center-to-center distance between DSPC
clusters, and the fractal dimension of gel clusters. In agreement with the neutron diffraction and fluorescence microscopy
data, the simulations show that below the percolation threshold temperature of gel clusters many nanometer-size gel clusters
co-exist with one large gel cluster of size comparable with the membrane surface area. With increasing temperature the
calculated effective fractal dimension and capacity dimension of gel and fluid clusters decrease and increase, respectively,
within the (0, 2) interval. In the region of the gel-to-fluid transition the following geometrical properties are independent from
the temperature and the state of the cluster: 1) the cluster perimeter linearly increases with the number of cluster arms at a
rate of 8.2 nm/arm; 2) the average number of inner islands in a cluster increases with increasing cluster size, S, according to
a power function of 0.00427 � S1.3; 3) the following exponential function describes the average size of an inner island versus
the size of the host cluster, S: 1 � 1.09(1 � e�0.0072�S). By means of the equations describing the average geometry of the
clusters the process of the association of clusters is investigated.

INTRODUCTION

In many biological membranes the proteins and lipid com-
ponents are organized into domains (Bergelson et al., 1995;
Rodgers and Glaser, 1991; Edidin, 1990). Domains are
regulating biological functions associated with membranes
(Orci et al., 1989; Rothberg et al., 1990). The percolation
properties and fractality of the domains affect the equilib-
rium poise and rates of in-plane reactions and interactions,
which may be physiologically important in biological mem-
branes (Thompson et al., 1995; Schram et al., 1996). It was
shown that there is a linear relationship between the fractal
dimension of the gel domains and the relative diffusion
coefficient of the molecules in the fluid phase (Schram et
al., 1996). The fractality of the gel domains has a major
impact on the mobile fraction of the membrane lipid be-
cause highly ramified gel domains are extremely efficient in
compartmentalizing the diffusion plane. Micrometer-scale
lipid domains have been detected in many cell membranes
(Tocanne, 1992; Bergelson et al., 1995) and in dimyris-
toylphosphatidylcholine/distearoylphosphatidylcholine
(DMPC/DSPC) giant unilamellar vesicles (Bagatolli and
Gratton, 2000) by fluorescence microscopy. In recent model
membrane studies, however, there are indirect (Almeida et
al., 1992; Dolainsky et al., 1997; Mendelsohn et al., 1995;
Sankaram et al., 1992; Pedersen et al., 1996) and direct
(Gliss et al., 1998; Nielsen et al., 2000; Muresan and Lee,

2001) evidences for the existence of much smaller scale—in
the nanometer range—lipid domains. Gliss et al. (1998) and
Muresan and Lee (2001) imaged gel domains of 10–50 nm
by atomic force microscopy (AFM) for the gel-fluid coex-
istence region in equimolar DMPC/DSPC mixtures. The gel
domains exhibited a rather irregular shape. The average
center-to-center distance between the small DSPC clusters
in an equimolar DMPC/DSPC mixture was estimated to be
smaller than 10 nm from neutron diffraction measurements
(Gliss et al., 1998).

Biomacromolecules and assemblies of biomolecules are
complex systems with complicated structure and dynamics.
Theoretical modeling of these systems tries to find the most
important interactions sufficient to give a coherent and
quantitatively correct description of the observed system
properties. Ising-type models, first applied in physics (Ising,
1925) for the theoretical description of magnets, are the
most successful coarse-grained models of biomolecules.
Typically, the biomolecule or assembly of biomolecules is
considered as a system of interacting units arranged on the
sites of a lattice. In DNA models of double strand breaking
the base pairs are the units situated on the sites of a linear
lattice (Sun et al., 1995). In the models of gel-to-fluid
transition of lipid membranes different lipid components
and/or lipid molecules in gel or fluid states are the units
located on the sites of a two-dimensional, usually triangular,
lattice (Nagle, 1973; Scott, 1977; Doniach, 1978; Caille et
al., 1980; Jørgensen et al., 1993; Sugar et al., 1994, 1999;
Jerala et al., 1996). Similar lattice models are used to
simulate the interaction of proteins with lipid membranes
(Heimburg and Biltonen, 1996; Heimburg and Marsh, 1996;
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Almeida et al., 2001). The folding-unfolding transition of
globular proteins is modeled on three-dimensional lattices
where the units are the amino acids (Shakhnovich and
Gutin, 1993; Yue and Dill, 1995; Hao and Scheraga, 1994,
1996). The partition function of these models cannot be
calculated in a closed form. Thus the thermodynamic aver-
ages of parameters, characterizing the thermodynamic or
structural properties of the system, are calculated by means
of Monte Carlo simulations.

The DMPC/DSPC binary mixture is the most thoroughly
studied two-component lipid bilayer. The thermodynamic
parameters of DMPC/DSPC bilayers have been examined
experimentally by a number of methods, including differ-
ential scanning calorimetry (Mabrey and Sturtevant, 1976;
van Dijck et al., 1977), dilatometry (Wilkinson and Nagle,
1979), neutron scattering (Knoll et al., 1981), nuclear mag-
netic resonance (NMR) (Lu et al., 1995; Sankaram and
Thompson, 1992), electron spin resonance (ESR) (San-
karam et al., 1992), Raman spectroscopy (Mendelsohn and
Maisano, 1978), and Fourier transformed infrared spectros-
copy (Brumm et al., 1996). The structural characteristics of
the fluid and gel coexistence region have been examined
experimentally in the mixed systems by fluorescence recov-
ery after photobleaching (FRAP) (Vaz et al., 1989; Schram
et al., 1996) fluorescence spectroscopy (Piknova et al.,
1996), ESR spectroscopy (Sankaram et al., 1992), neutron
diffraction (Gliss et al., 1998), fluorescence microscopy
(Bagatolli and Gratton, 2000) and AFM (Gliss et al., 1998;
Leidy et al., 2001a; Nielsen et al., 2000; Muresan and Lee,
2001).

These studies have established that DMPC/DSPC forms
nonideal mixtures exhibiting positive deviations from ide-
ality. The miscible-type phase diagram has a broad gel-fluid
coexistence region bordered by solidus and liquidus lines.
The positive deviations from ideality imply that the minor
phase forms small clusters in a continuum of the major
phase (Von Dreele, 1978). However, the clusters were too
small to be detectable directly (Pedersen et al., 1996; San-
karam et al., 1992) and as it was mentioned above, direct
detection became possible just recently.

DMPC/DSPC two-component bilayers have been inves-
tigated theoretically using the phenomenological theory of
regular fluids (Ipsen and Mouritsen, 1988; Brumbaugh et
al., 1990; Brumbaugh and Huang, 1992). Von Dreele (1978)
used the statistical mechanical description of two-compo-
nent mixtures to calculate the solidus and liquidus lines of
the phase diagram, and like-like as well as like-unlike
molecular contacts in the all-gel and all-fluid regions. Priest
(1980) and Sugar and Monticelli (1985) have calculated the
phase diagrams of a series of two-component phospholipid
bilayers using the Landau theory of phase transitions. These
models, in which the maximum term or mean-field approx-
imation was utilized, did not provide information about the
lateral distribution of the bilayer components, however.
Monte Carlo methods have been used to simulate the lateral

distribution of the components in the pure gel- or fluid-
phase regions of DMPC/DSPC mixtures assuming one state
and two components (Jan et al., 1984). Jørgensen et al.,
(1993) applied a much more complex model to simulate the
phase properties and the lateral distribution of components
in the one-phase and the gel-fluid coexistence regions of
DMPC/DSPC mixtures. The model assumed that each acyl
chain could exist in 10 different states, with the interaction
between the two lipid species dependent on the incompati-
bility of acyl chains of different hydrophobic lengths. Risbo
et al. (1995) have studied the type of the gel-fluid transition
in the same model by using Monte Carlo simulation in the
grand canonical ensemble. Risbo and his co-workers
pointed out that the gel-fluid transition in the pure DMPC or
DSPC system is a continuous transition, but a first-order
phase transition can be induced when small amounts of
another species are mixed in the pure system. Sugar et al.
(1999) described DMPC/DSPC bilayers by a two-state,
two-component model in canonical ensemble using a set of
parameters derived from a limited amount of experimental
data. The analysis of the bilayer energy distribution function
revealed that the gel-fluid transition is a continuous transi-
tion through equilibrium states for DMPC, DSPC, and
DMPC/DSPC mixtures; i.e., the system is above a critical
point. By using the same model Sugar et al. (1999) and
Sugar and Biltonen (2000) were able to calculate excess
heat capacity curves in agreement with the differential scan-
ning calorimetry (DSC) data.

The domain structure of one- and two-component lipid
bilayers was also investigated by the above-mentioned the-
oretical models. The computer simulations of DMPC/DSPC
bilayers showed that nanoscale fluid and gel domains exist
in the mixed-phase region (Sugar et al., 1999; Nielsen et al.,
2000) and pointed out strong positive correlation between
the calculated percolation threshold temperatures of gel
clusters and the FRAP threshold temperatures detected at
different DMPC/DSPC mixing ratios (Sugar et al., 1999).

Molecular dynamics also provide a powerful means to
investigate the conformation and dynamics on all-atom
models of lipid bilayers involving �50 lipid molecules in
nanosecond time regimes (Huang et al., 1994; Merz, 1997).
The following structural properties of single-species lipid
bilayers have been successfully emulated by molecular dy-
namics: hydrocarbon chain order parameters (Huang et al.,
1994; Damodoran and Merz, 1994; Tu et al., 1995; Zhou
and Schulten, 1995; Perera et al., 1996; Chiu et al., 1995;
Feller et al., 1995), amount of water in the solvation shell of
phospholipid headgroups (Chiu et al., 1995), fraction of
trans and gauche bonds in hydrocarbon chains (Huang et
al., 1994; Chiu et al., 1995), sign and magnitude of dipole
potential at the membrane surface (Zhou and Schulten,
1995; Chiu et al., 1995), surface roughness of the membrane
and spacial distribution of different molecular groups in the
direction normal to the membrane plane (Huang et al., 1994;
Damodoran and Merz, 1994; Tu et al., 1995; Zhou and
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Schulten, 1995; Perera et al., 1996; Chiu et al., 1995; Feller
et al., 1995), and water permeability of the phospholipid
bilayer (Marrink and Berendsen, 1994). The technical prob-
lems of simulating membranes become more complex when
one goes from a single-species lipid bilayer to a system of
mixed lipids or of lipids mixed with other types of mole-
cules, such as peptides. This is the case because the relax-
ation times for different components of a heterogeneous
membrane to sample conformations and orientations rela-
tive to each other are orders of magnitude longer than the
nanosecond time scale sampled by molecular dynamics
(Vaz et al., 1989). Similarly, the distance scales over which
membrane domains organize themselves are often larger
than 10 nm2, a surface area typical of the largest molecular
dynamics simulation to date. A combined application of
molecular dynamics and Monte Carlo methods can speed up
the equilibration process substantially (Scott et al., 1998);
however, to perform simulations on the distance scale of
membrane domains, one has to use simple coarse-grained
models such as the above-mentioned lattice models.

In this paper a two-state, two-component lattice model of
DMPC/DSPC (Sugar et al., 1999) is utilized to simulate the
equilibrium lateral distribution of gel- and fluid-state lipid
molecules in the mixed phase region. The geometry of the
clusters is characterized by size, linear size, perimeter, num-
ber of arms, and number and size of inner islands. The
statistical analysis reveals the trend in the cluster size de-
pendence of these strongly fluctuating geometrical proper-
ties and gives an insight into the process of cluster growth.
The calculated averages are compared with relevant exper-
imental data from ESR, neutron diffraction, FRAP, fluores-
cence microscopy, and AFM.

In physics the above geometric properties of clusters of
two-dimensional lattice models have been thoroughly in-
vestigated (Klein and Coniglio, 1981; Binder and Stauffer,
1986, 1987; Coniglio, 1989). The physical models, how-
ever, are not equivalent with our membrane model because
the units are either not pairwisely connected and/or the
energy levels of the units are not degenerated, and/or dif-
ferent part of the phase space is investigated. These quali-
tative differences put our model into a different universality
class. For example, in the case of a two-component system,
where the components are independent and situated on the
sites of a triangular lattice, the percolation threshold con-
centration is 0.5 (Stauffer, 1985), while in our membrane
model, where neighbor units are chemically connected, it is
0.24 (Sugar et al., 1999).

METHODS

Model

A simple Ising-type model is utilized to simulate DMPC/DSPC lipid
bilayers. The detailed description and validation of the model have been
published elsewhere (Sugar et al., 1999; Sugar and Biltonen, 2000). In this
section only an abbreviated description of the model is presented.

A monolayer of the bilayer is modeled as a triangular lattice of N lattice
points. Each lattice point is occupied by one acyl chain of either DMPC or
DSPC molecules representing component 1 or component 2, respectively.
Nearest-neighbor pairs of similar acyl chains are interconnected forming
either DMPC or DSPC molecules numbering N1/2 and N2/2, respectively.
Every lattice point can exist in two states, corresponding to the gel (g) and
fluid state (l). The actual configuration of the monolayer is defined by the
component and state at every lattice point and by the connections between
the pairs of lattice points.

The intrachain energy, Ei
m, of an acyl chain of component i in state m

is assumed constant and independent of location and orientation of the
rotational isomers. The number of possible locations and orientations of the
rotational isomers is characterized by fi

m, the degeneracy of the energy level
of component i in state m. Eij

mn is the interaction energy between compo-
nent i in state m and component j in state n. Only nearest-neighbor
interactions between lattice points are considered because van der Waals
interactions between the acyl chains are short-range. By introducing peri-
odic boundary conditions we could eliminate lattice edge effects and
substantially reduce the number of model parameters. When fitting the
model to a limited number of calorimetric data the strategy of consecutive
parameter estimation was utilized to get a robust set of model parameters
(see the Determination of Model Parameters section and Table 1 in Sugar
et al. (1999)). The analysis of the bilayer energy distribution function
revealed that the gel-fluid transition is a continuous transition through
equilibrium states for DMPC, DSPC, and DMPC/DSPC mixtures, i.e., the
system is above a critical point.

Monte Carlo methods

By using Monte Carlo methods one can simulate the thermal fluctuations
of the DMPC/DSPC bilayer. The detailed description of the utilized Monte
Carlo methods has been given elsewhere (Sugar et al., 1999). Each simu-
lation starts from an all-gel or all-fluid state, and every molecule is oriented
horizontally. Trial configurations of the system are generated by three
different elementary steps: 1) by changing the state of a randomly selected
acyl chain; 2) by exchanging two randomly selected molecules of different
lipid components; and 3) by changing the orientation of two randomly
selected nearest-neighbor molecules. A trial configuration is accepted or
rejected according to the Metropolis method. This method of decision-
making drives the system toward thermodynamic equilibrium, the Boltz-
mann distribution over the configurations, independently of the choice of
the initial configuration.

In a Monte Carlo simulation a chain of elementary steps generating trial
configurations is repeated. During this chain of elementary steps, the
Monte Carlo cycle, the system has the opportunity of realizing all of its
configurations at least one time. In our simulations a Monte Carlo cycle
starts with 2N trials of local state alterations [during N consecutive trials
each lattice point has one opportunity (on average) to change its state and
the system to realize any of the 2N configurations of gel/fluid states], and
it is followed by N1/2 (or N2/2 if N2 � N1) trials of exchange of different
molecules, and finally 4N/3 trials of reorientation of a pair of molecules is
performed. The last trial of each Monte Carlo cycle alters the state of every
chain. This global, nonphysical state change may accelerate the attainment
of the equilibrium distribution (Sun and Sugar, 1997).

In this work an equimolar mixture of DMPC/DSPC bilayers is simu-
lated at different temperatures of the gel-to-fluid transition region. In every
simulation the lattice size is 40 � 40. It was pointed out that in the case of
an equimolar mixture of DMPC/DSPC the finite size effects on excess heat
capacity are negligibly small at this lattice size (Sugar and Biltonen, 2000).
Each simulation starts with 6000 Monte Carlo cycles to attain the equilib-
rium distribution over the configuration space, and then 120,000 Monte
Carlo cycles are performed. After attaining the equilibrium at the end of
each cycle the snapshot is analyzed, i.e., the clusters are labeled and
counted by using the program of Binder and Stauffer (1987), the geomet-
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rical properties of the clusters are determined, and the data are stored for
final statistical evaluation.

Geometry of individual clusters

A typical cluster is shown in Fig. 1. Closed and open circles represent gel
and fluid state hydrocarbon chains of the phospholipid molecules, respec-
tively. A gel state cluster may contain inner islands of fluid state, or vice
versa. In Fig. 1 the host gel state cluster has one inner island (NI � 1) of
the size of one lattice point (SI � 1). The size of this gel state cluster (S �
24) is defined by the number of hydrocarbon chains belonging to the
cluster, or by the surface area of the cluster, s:

s � S � ��3/2	 � l2 (1)

where l is the unit length of the triangular lattice and (
3/2) � l2 is the area
of a unit cell. The surface area per chain, s/S, depends on the component
and the state of the chain. The experimental area/chain in the dipalmi-
toylphosphatidylcholine (DPPC) bilayer is sg/S � 20 Å2 for gel and sl/S �
32 Å2 for the fluid state chain (Wilkinson and Nagle, 1979; Nagle and
Tristram-Nagle, 2000). [Experimental specific surface area data are not
available for DSPC. We use DPPC data to estimate the unit length in
equimolar DMPC/DSPC mixture because every geometric property of this
molecule is between the respective properties of DMPC and DSPC.] By
using Eq. 1 the interchain distance in gel and fluid clusters is lg � 4.8 Å
and ll � 6.1 Å, respectively. One can also define the linear cluster size, ls,
of any cluster by

ls � max�ls1, ls2, ls3� (2)

where ls1, ls2, ls3 are the lengths of the projections of the cluster in the three
characteristic directions of the triangular lattice. In the case of the gel
cluster in Fig. 1, ls1 � 9 � (
3/2) � l, ls2 � 3 � (
3/2) � l, and ls3 �
6 � (
3/2) � l, and thus according to Eq. 2 the linear size of the gel
cluster is ls � 9 � (
3/2) � l.

The periphery of a cluster is defined by its gel-fluid interface. The
interface between the inner islands and the cluster is the inner periphery of
the cluster, while the rest of the periphery forms the outer periphery. In Fig.
1 each gel state chain at the outer periphery of the gel state cluster is
connected by lines to its nearest neighbor fluid state chains. The outer
perimeter of the cluster, PO, is defined by the number of these connecting
lines (PO � 48). This definition of the outer perimeter is found to be very
helpful when counting the number of arms of the cluster. Another defini-
tion of the outer perimeter is the circumference of the polygon, po, which
can be drawn around the cluster. [The nodes of the polygon are located at
the midpoint of each line interconnecting nearest-neighbor gel and fluid
state chains at the cluster’s outer periphery.] The circumference of the
polygon, po, is related to PO as follows:

po � �PO/2	 � l. (3)

where l is the unit length of the triangular lattice.
The irregular shape of the cluster can be characterized by a vector. Each

vector element is equal with the number of lines emanating from one of the
lattice points surrounding the cluster. As an example, let us walk clockwise
round the gel cluster in Fig. 1, starting from the fluid state lattice point at
the upper right corner of the cluster (marked by a double line). The number
of lines emanating from each of the 27 fluid state lattice points surrounding
the cluster is: 1, 2, 2, 1, 4, 1, 2, 2, 1, 1, 4, 1, 2, 1, 1, 2, 2, 2, 2, 2, 2, 1, 1,
4, 1, 2, 1. Each element of this shape vector locally characterizes the shape
of the gel cluster. At the convex, straight, and concave sections of the
cluster periphery the vector element is 1, 2, and larger than 2, respectively.
The shape vector helps us to determine the number of arms of the cluster.
We use the following definition of an arm: an arm begins and ends with a
concave section, and between these consecutive concave sections there are
at least three convex sections. [In the definition at least three convex
sections are required, otherwise small bumps and humps would be consid-
ered as arms, too.] For example, in the case of the above shape vector the
5th and 11th vector element define the beginning and end of an arm
because between these consecutive concave sections there are three 1’s
defining the convex sections of an arm. Analyzing the complete shape
vector we find a total of four arms of the gel cluster in Fig. 1.

The coordinates of the center of a cluster, (xc, yc), are defined by the
following equations:

xc � �1/S	�
i�1

S

xi (4)

yc � �1/S	�
i�1

S

yi (5)

where xi and yi are the coordinates of the ith cluster element. In Fig. 1 an
arrow points to the center of the gel cluster. By using the above two
equations we calculate the center-to-center distance distribution of DSPC
compositional clusters in equimolar DMPC/DSPC mixtures.

Thermodynamic averages of cluster geometry

By means of Monte Carlo methods one can simulate the thermal fluctua-
tions of the configurations of DMPC/DSPC bilayers. In our simulations the
attainment of equilibrium fluctuations is accelerated by using the nonphys-
ical trial step of global state change at the end of each Monte Carlo cycle
(Sun and Sugar, 1997). After attaining the equilibrium the following
geometric properties of the clusters are determined from the snapshots at
the end of every Monte Carlo cycle: the size, linear size, center, perimeter,
number of arms, number of inner islands, and size of inner islands of every
gel and fluid cluster. From the data the equilibrium distribution of the
cluster size, P(S), the distribution of the center-to-center distance, and the
cluster size dependence of the following thermodynamic averages are
calculated: average linear size, 
ls(S)�, average outer perimeter, 
PO(S)�,

FIGURE 1 A typical gel state cluster with one inner island. Closed
circles: gel state lattice point; open circles: fluid state lattice point. Gel-
fluid nearest-neighbor lattice points are interconnected by solid lines at the
outer periphery of the cluster. The shaded area in the upper corner marks
a unit cell of the lattice. ls1, ls2, and ls3 are the lengths of the projections
of the cluster in the three characteristic directions of the lattice. The arrow
marks the center of the cluster, C, calculated by Eqs. 4 and 5.
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average number of arms, 
NA(S)�, average number of inner islands, 
NI(S)�,
average size of inner islands, 
SI(S)�.

RESULTS AND DISCUSSION

The DMPC/DSPC model described in the Methods section
can be used to calculate different thermodynamic averages
of the system. Sugar and Biltonen (2000) calculated the
excess heat capacity curves of DMPC/DSPC mixture at nine
different mole fractions. As an example, Fig. 2 (reproduced
from Sugar and Biltonen, 2000), shows the calculated (open
circles) and experimental (dotted line) excess heat capacity
curves only for the equimolar DMPC/DSPC mixture. The
excellent agreement between the experimental and calcu-
lated excess heat capacity curves prompts us to calculate
geometrical properties of the clusters by using the same
model and compare them with the respective experimental
data when they are available.

Cluster size distribution

The size distributions of fluid clusters in an equimolar
mixture of DMPC/DSPC are shown at three different tem-
peratures in Fig. 3. Close to the onset temperature of the
gel-to-fluid transition, at 302 K the distribution is unimodal
and the maximum is located at cluster size S � 1. With

increasing temperature first a shoulder (Fig. 3 B), then at
even higher temperature an extra peak appears at larger
cluster sizes, i.e., the distribution becomes bimodal (Fig.
3 C). This bimodal distribution can be separated into two
unimodal ones: the size distribution of the largest cluster of
the snapshots (open circles in Fig. 3 D) and the size distri-
bution of all of the other clusters of the snapshots (closed
circles in Fig. 3 D). The separation shows that the extra
peak in Fig. 3 C refers to the size distribution of the largest
cluster of the snapshots. It is important to note that Fig. 3,
A–D show only the lower part of the distributions with
frequencies �3 � 10�4. With decreasing cluster size the
frequency increases continuously up to �0.6 at cluster size
S � 1. One should also note that the size distribution of gel
clusters changes from unimodal to bimodal with decreasing
temperature (not shown). The size distribution of clusters in
DMPC/DSPC mixtures was not measured, but the following
observations are consistent with a bimodal size distribution.
On one hand, neutron diffraction data showed very small
DSPC clusters in the nanometer range (Gliss et al., 1998) [in
equimolar DMPC/DSPC bilayer the gel clusters are at most
twice as large as the DSPC clusters because from the phase
diagram it follows that the mole fraction of DSPC in the gel
clusters is larger than 0.5], while at similar conditions an at
least three orders of magnitude larger gel cluster (or a small
number of large gel clusters) was visible in the gel-fluid
mixed phase region by fluorescence microscope (Bagatolli
and Gratton, 2000).

Cluster size averages

Linear cluster sizes

Depending on the shape of the clusters of size S, their linear
size ls(S) can be different. In Fig. 4 A the calculated average
of the linear size, 
ls�, of gel and fluid clusters are plotted
against the cluster size S. The curves in Fig. 4 A were
calculated from a simulation of equimolar DMPC/DSPC
mixture at 305.3 K, but practically the same curves were
obtained for simulations at other temperature and mole
fraction pairs within the gel/fluid mixed state region. In the
rest of the paper one can use these curves to recalculate
cluster size to average linear cluster size at a broad range of
temperature and mole fraction of DMPC/DSPC mixtures.

Small clusters

At any temperature of the gel-to-fluid transition, if the
largest cluster of each snapshot is excluded most of the
remaining clusters are very small, and thus the average of
their size is small. Fig. 4 B shows the average total size and
average number of these small clusters in the case of a 40 �
40 lattice. Both the average total size and the average
number of small clusters have a maximum at an intermedi-
ate temperature where 10% of the lattice points are occupied

FIGURE 2 Calculated and experimental excess heat capacity curves of
equimolar DMPC/DSPC bilayers. Dotted line: experimental excess heat
capacity curve; open circles: calculated values. All calorimetric scans were
performed on a home-made high-sensitivity scanning calorimeter (Su-
urkuusk et al., 1976) at scan rates from 0.1 to 5°C/h. In this scan the lipid
concentration was 20 mM with a scan rate of 5°C/h. To obtain the
calculated excess heat capacity, CP, the variance of the lattice energy E was
determined at each temperature, T, and then the following equation was
used: CP � CV � 
(E � 
E�)2�)/(RT2N), where R � 2 cal/mol�chain/deg,
and N is the number of lattice points. A straight line is fitted to the
inflection points of the excess heat capacity curve at its low- and high-
temperature edges. The intercepts of the straight lines with the line at zero
excess heat capacity define the onset and completion temperatures of the
gel-to-fluid transition (see crosses at 299.2 and 322.9 K, respectively).
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FIGURE 3 Calculated size distributions of fluid
state clusters of equimolar DMPC/DSPC bilayers. (A)
302 K; (B) 305.3 K; (C) 306 K; (D) 306 K; where
open circles mark the size distribution of the largest
fluid cluster in each snapshot and closed circles show
the size distribution of all the fluid clusters except the
largest ones. The average size of these smaller clusters
is 
s� � 3.19.
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FIGURE 4 Calculated size, number, and center-to-center
distance of clusters in equimolar DMPC/DSPC mixtures. (A)
Calculated average linear size 
ls� of gel (closed circles) and
fluid clusters (open circles) at 305.3 K is plotted against the
cluster size S. The linear cluster size is defined by Eq. 2. (B)
Calculated temperature dependence of the average total size
and average number of all the clusters except the largest one
in each snapshot. Open squares: average total size; open
triangles: average number of the clusters. Solid and dashed
lines refer to fluid and gel clusters, respectively. (C) Calcu-
lated center-to-center distributions of DSPC clusters in
equimolar DMPC/DSPC mixtures at 314 K (squares), 311 K
(circles), and 283 K (diamonds). In each simulation 6000
equilibration cycles were followed by 1.2 million Monte
Carlo cycles. The center-to-center distance is measured in
lattice units. (D) Calculated temperature dependence of the
average size of the largest cluster of the lattice. Solid line:
fluid cluster; dashed line: gel cluster.
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by the small clusters. The ratio of the two curves in Fig. 4 B
gives the average size of the small clusters. The maximum
of the average size of small gel and fluid clusters is �3 at
317 and 304 K, respectively.

Shankaram et al. (1992) determined the average size of
fluid and gel domains in DMPC/DSPC bilayers by analyz-
ing the ESR spectral lineshapes of spin-labeled DMPC.
According to their analysis 1) the population of the gel (or
fluid) state molecules increases by growth of domains,
either from preexisting nuclei or from nuclei that are formed
close to the onset temperature of the fluid-to-gel (or gel-to-
fluid) transition; and 2) domains do not coalesce until the
system approaches close to the point of percolation thresh-
old temperature. In agreement with these qualitative con-
clusions of the ESR measurements our simulations show
(see Fig. 4 B) that, e.g., the number of fluid clusters is
practically constant from 299.2 K, the onset temperature of
the gel-to-fluid transition (see Fig. 2), to �303 K, where the
domains start to coalesce. [We note that there is no signif-
icant change in the number of fluid clusters at the onset
temperature of the transition. The number of fluid clusters
slowly increases from a much lower temperature than the
calorimetric onset temperature (see Fig. 7 in Sugar et al.,

1999).] The calculated percolation threshold temperature of
fluid clusters, 304.6 K, (see Fig. 5) is close to this temper-
ature. Despite this qualitative agreement there are large
differences in the values of the average cluster sizes. Ac-
cording to Sankaram et al. (1992), for example, the average
size of fluid domains increases linearly from 1 to 1200 with
increasing fraction of the fluid state molecules, while in our
simulation the average size of the small fluid domains
changes from 1 to 3. [Cluster size is defined by the number
of hydrocarbon chains forming the cluster.] It is possible
that in the ESR experiments the average cluster size is really
larger than in the DMPC/DSPC mixture (with no spin-
labeled lipid in it) because of the perturbing effect of the 3
mol % spin-labeled DMPC (personal communication with
Dr. Shankaram). The other possibility is that in the spin-
labeled system the domains are small, but incorrect assump-
tions biased the result of the analysis toward large cluster
sizes. Actually, in the analysis of the ESR data it is assumed
that at a given temperature and DMPC/DSPC mole fraction
the size of each unconnected cluster is the same, and large
enough to contain on average �10 spin-labeled lipid mol-
ecules. In these constant size clusters the more labeled lipid
is in the cluster the broader the respective ESR spectrum.

FIGURE 5 Percolation frequency curves and perco-
lation threshold temperatures. (A) Calculated percola-
tion frequency curves of gel and fluid clusters of
equimolar DMPC/DSPC bilayers. Dashed line: fluid
clusters; solid line: gel cluster. A straight line is fitted to
the inflection point of the percolation frequency curve
of fluid clusters and its intercept with the zero fre-
quency line defines the percolation threshold tempera-
ture of fluid clusters (see cross at 304.6 K). The per-
colation threshold temperature of gel clusters is marked
by a cross at 317.5 K. (B) Calculated percolation thresh-
old temperatures versus FRAP threshold temperatures
measured at different DMPC/DSPC mole fractions.
Closed circles: percolation threshold temperatures of
gel clusters; open circles: percolation threshold temper-
atures of fluid clusters; closed squares: temperatures at
0.36 percolation frequency of gel clusters.
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Our simulation, however, resulted in a broad, asymmetric
cluster size distribution that strongly peaks at cluster size
S � 1. If these small clusters contain 0 or 1 spin label, then
there is no line-broadening. If the small clusters contain 2
labels, then the smaller the cluster the larger the label
concentration within the cluster and the respective line-
broadening.

There is a rapidly growing number of direct observations
of gel and fluid clusters in DMPC/DSPC mixtures (Gliss et
al., 1998; Bagatolli and Gratton, 2000; Nielsen et al., 2000;
Leidy et al., 2001a,b; Muresan and Lee, 2001). There are,
however, vast differences between the observed cluster
sizes and shapes depending on the type of the measurement,
the construction, and thermal history of the sample. Atomic
force microscopy (AFM) measurements on one layer of
supported bilayer revealed gel cluster sizes from 10 to 50
nm (Gliss et al., 1998; Muresan and Lee, 2001), to several
micrometers (Muresan and Lee, 2001; Leidy et al., 2001a)
with irregular to rather circular cluster shapes. It was shown
that the lateral diffusion of lipid molecules is five times
smaller in supported bilayers (Sonnleitner et al., 1999) than
in unsupported bilayers. Thus the clusters observed in dif-
ferent AFM measurements may belong to different nonequi-
librium lateral distributions of the lipid molecules. Leidy et
al. (2001b) tried to deposit two layers of bilayer to mica to
accelerate equilibration. In this case they mainly observed
clusters with straight edges, and assumed that the nuclei of
these clusters were the remnants of the rippled phase. In this
experiment, however, the utilized deposition technique may
not guarantee the formation of only two layers of bilayer
(comment after Dr. Leidy’s presentation). Besides the prob-
lem of the equilibration it is also important to mention that
very small (�10 nm) gel clusters in fluid matrix are not
visible by AFM measurements (personal communication
with Drs. Kay Yee Lee and Adrian Muresan).

The problems of low resolution and slow equilibration in
measuring small clusters were resolved by Gliss et al.
(1998). Grazing incidence diffraction of neutrons was uti-
lized to measure the center-to-center distance between the
perdeuterated DSPC clusters. The sample was several thou-
sand multilayers of highly oriented, fully hydrated DMPC/

DSPC bilayers. The average coherence lengths between the
DSPC domains interpreted as the most frequent center-to-
center distance of DSPC clusters and measured by Gliss et
al. (1998) at three different temperatures are listed in Table
1. To make a comparison with these observed values the
distribution of the center-to-center distance between the
DSPC clusters was simulated by our model at the respective
temperatures (see Fig. 4 C). [Cluster fragments located at
the edges of the lattice were excluded from the distribution.
The distribution has a shoulder at higher center-to-center
distances only when the size distribution of the DSPC
clusters is bimodal.] The calculated most frequent center-
to-center distances, listed in the third column of Table 1, are
within the error range of the measured average coherence
length values. It is important to note that the calculated
average linear size of the small DSPC clusters, �1–1.5 nm,
is considerably smaller than the calculated most frequent
center-to-center distance, and thus the average coherence
length measured by Gliss et al. (1998) is a rough upper
estimate of the average linear size of the DSPC clusters.

The large cluster

In Fig. 4 D the average sizes of the largest gel and fluid
clusters of each snapshot are plotted against the tempera-
ture. With decreasing temperature the average size of the
largest gel cluster increases and eventually becomes com-
parable with the lattice size itself. Thus one can visualize
this large cluster if the size of the bilayer is within the
resolution of the microscope. Recently, Bagatolli and Grat-
ton (2000) studied equimolar mixtures of DMPC/DSPC on
giant unilamellar vesicles (of 30 �m diameter) by using
fluorescence microscopy. From 321.2 K one or a small
number of gel clusters of sizes comparable with the surface
area of the giant vesicle were visible, and the size of these
clusters increased with decreasing temperature. The above
temperature, 321.2 K, is between the calculated percolation
threshold of gel clusters (see Fig. 5 A) and the completion
temperature of the gel-to-fluid transition (see Fig. 2). We
think that the large cluster visualized by fluorescence mi-
croscopy is equivalent with the large cluster appearing in

TABLE 1 Experimental and calculated most frequent center-to-center distances of DSPC clusters in equimolar
DMPC/DSPC mixtures

Temperature
(K)

Average Coherence
Length (Exp.) (nm)

Most Frequent
Center-to-Center

Distance (Calc.) (nm) State

283 7.4 � 0.5 7.7 (�2.6, �1.9) gel
311 6.0 � 0.5 5.2 (�0.61, �0.49) gel/fluid mixed
314 6.3 � 0.5 5.4 (�0.67, �0.67) gel/fluid mixed

Experimental data were taken from Table 1 of Gliss et al. (1998). The average coherence length (interpreted by us as the most frequent center-to-center
distance between DSPC domains) is the correlation length at the maximum of the integrated Bragg scattering intensity. The calculated values were obtained
from the center-to-center distribution curves in Fig. 4 C, i.e., the most frequent center-to-center distance was multiplied by ll at 311 and 314 K, and by lg
at 283 K. The error of the calculated data was estimated on the basis of the residual mean-square deviation between the simulated and the smoothed
distribution by using a window size of 5.
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the calculated, bimodal distribution of the cluster size (see
above), and more than one large cluster can be observed if
the lateral distribution of the lipid molecules in the giant
vesicle did not attain the equilibrium (Michonova-Alexova
and Sugar, 2001). According to our experience one can
accelerate the attainment of the equilibrium distribution by
means of freezing and thawing cycles (Liu et al., 1997).

Cluster percolation

A snapshot is percolated if a cluster, probably the largest
one, spans the lattice either horizontally or vertically. The
ratio of the number of percolated snapshots to the number of
all the analyzed snapshots is the percolation frequency. In
Fig. 5 A the temperature dependence of the percolation
frequency is shown for both gel and fluid clusters in an
equimolar mixture of DMPC/DSPC. A percolation thresh-
old temperature can be calculated from the percolation
frequency curve. For example, in the case of fluid clusters
of an equimolar mixture of DMPC/DSPC the percolation
threshold temperature is 304.6 K (see Fig. 5 A). At this
temperature a shoulder appears in the cluster size distribu-
tion (see Fig. 3 B).

Vaz et al. (1989) were the first to measure FRAP thresh-
old temperatures at different mole fractions of DMPC/
DSPC bilayers and suggested identifying them with the
percolation threshold temperatures of gel state clusters. In
Fig. 5 B the percolation threshold temperatures calculated
for gel phase clusters (closed circles) are plotted against the
threshold temperatures obtained from FRAP experiments at
different mole fractions. There is a strong correlation, with
a constant difference of �1.8°C, between the calculated and
measured threshold temperatures. There is complete agree-
ment, however, if we plot the temperatures where the per-
colation frequency of the gel clusters is 0.36 (closed
squares) against the FRAP threshold temperature. Thus the
slight, but consistent, deviation between the calculated per-
colation threshold and measured FRAP threshold exists
probably because rarely percolated gel clusters (at percola-
tion frequencies from 0 to 0.36) cannot efficiently block the
long-range diffusion of fluorescent probe molecules. It is
important to note that there is no strong correlation between
the calculated percolation threshold temperature of fluid
clusters (open circles) and the measured FRAP threshold
temperature (see Fig. 5 B). In the subsequent sections dis-
tinction is not made between the largest cluster and the
smaller ones, i.e., every statistical analysis is performed on
all the clusters in each snapshot.

Cluster perimeter and fractal dimension

In Fig. 6 A the average outer perimeter of fluid clusters

PO�, is plotted against the cluster size S. The average outer
perimeter increases with increasing cluster size. However,

at cluster sizes comparable with the lattice size the average
perimeter starts to decrease, and from this point one cannot
differentiate outer from inner periphery. As an extreme
example, the perimeter of a cluster of size N (the lattice size)
is zero. This decline of the perimeter of large clusters is the
consequence of the periodic boundary conditions. At a
given cluster size the average outer perimeter of the fluid
clusters slightly increases with decreasing temperature (data
not shown); i.e., the periphery of fluid clusters is getting
more rugged with decreasing temperature. The ruggedness
of the perimeter can be characterized by the effective fractal
dimension of the clusters, Feff. One can get Feff by fitting the
following function to the average perimeter curve, 
PO(S)�
(Stauffer and Aharony, 1992):


PO�S	� � A � S1/Feff (6)

where A and Feff are model parameters. Examples for dif-
ferent clusters and respective fractal dimensions are shown
in the Appendix. By means of nonlinear curve-fitting the
values of the model parameters of Eq. 6 have been deter-
mined, and the temperature dependence of the effective
fractal dimension of gel and fluid clusters of equimolar
DMPC/DSPC mixtures is plotted in Fig. 6 B. [When the
size of the largest cluster of the snapshot is comparable with
the lattice size, the curve-fitting either cannot be carried out
or it is carried out only for the ascending section of the

PO(S)� curve.] The effective fractal dimension of fluid
clusters increases with increasing temperature, while that of
the gel clusters shows an opposite trend. One can calculate
the lower limit of Feff without simulations. At the onset of
the transition only small clusters of size 0, 1, or 2 are present
with respective perimeters of 0, 6, and 10. After fitting Eq.
6 to these 3 points one can get Feff � 1.357. This lower limit
is approached for gel clusters at 319.5 K and for fluid
clusters at 302 K (see Fig. 6 B).

Similarly to the analysis of the snapshots one can analyze
many AFM scans taken at the same temperature and
DMPC/DSPC mole fraction, and determine the experimen-
tal value of the effective fractal dimension. A single AFM
scan of supported equimolar DMPC/DSPC bilayers taken at
313 K was kindly provided to us by Drs. Ka Yee Lee and
Adrian Muresan (University of Chicago). Because of the
small number of clusters available for analysis in a single
scan a broad range of the effective fractal dimension was
obtained, 1.6 � 0.1, while the effective fractal dimension
calculated from the snapshots (simulated at 313 K) is 1.7 �
0.03. [The clusters observed by AFM are much larger than
the clusters in the snapshots. However, because of the
self-similarity of fractal-like clusters, the fractal dimension
should be independent from the cluster size.] Another type
of fractal dimension, the so-called capacity dimension
(Liebovitch, 1998) can be determined with less uncertainty
for a single AFM scan. The capacity dimension character-
izes the space-filling properties of the clusters. To evaluate
the capacity of the clusters we cover the membrane surface
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by squares of side length r. We find the smallest number of
squares M(r) needed to cover all the parts of the clusters. We
then shrink the side length of the squares and again count the
smallest number needed to cover the clusters. The capacity
dimension is defined by the following limit:

Fcap � lim
r3

d�logM�r	�

dlog�1/r	]
(7)

Calculating the capacity dimension, a plot of log(M(r))
versus log(1/r) was created for every snapshot (each con-

taining 40 � 40 lattice points) and also for a single AFM
scan (containing 480 � 480 pixels). The plots derived from
the snapshots show a broken straight line. At large box sizes
the slope is 2, while at smaller box sizes the slope of the
straight line is smaller. The average of these smaller slopes
was taken as the capacity dimension. In Fig. 6 C the capac-
ity dimensions calculated for gel and fluid clusters are
plotted against the temperature. The capacity dimension of
the gel clusters in the AFM image and in the simulated
snapshots at 313 K is 1.70 � 0.04 and 1.49 � 0.02,

FIGURE 6 Clusters’ outer perimeter and fractal di-
mensions. (A) Calculated average outer perimeter of
fluid clusters of equimolar DMPC/DSPC bilayers. The
average outer perimeter is plotted against the cluster
size, S. Temperature: 306 K; open circles: simulated
data; solid line: Eq. 6 is fitted to the ascending section
of the simulated data. Estimated model parameters:
Feff � 1.552 � 0.007, A � 7.68 � 0.12. Error bars
show the calculated standard deviations of the outer
perimeter at certain cluster sizes. (B) Calculated effec-
tive fractal dimensions of fluid (open circles) and gel
clusters (closed circles) of equimolar DMPC/DSPC
bilayers are plotted against the temperature. Crosses
and the connecting solid line mark the result of the
obstacle aggregation model of Schram et al. (1996).
Open squares connected by a solid line mark the upper
and lower limit of the effective fractal dimension of
gel clusters of an AFM scan (not shown). The scan,
provided by Drs. Ka Yee Lee and Adrian Muresan
(University of Chicago), was taken from a supported,
equimolar DMPC/DSPC bilayer at 313 K, while the
sample was in a solution of 8 mM MgCl2. (C) Calcu-
lated capacity dimensions of fluid (dashed line) and
gel clusters (solid line) of equimolar DMPC/DSPC
bilayers are plotted against the temperature. The
closed circle marks the capacity dimension of gel
clusters obtained from the analysis of the same AFM
scan mentioned in the legend to B. Error bars show the
calculated standard deviations.
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respectively. The fractal dimensions calculated above are in
rather good agreement with the observed fractal dimensions
of the gel clusters despite the fact that the geometrical
properties of the clusters of the supported bilayer could be
perturbed by the bilayer-mica interaction and because the
system may not have attained equilibrium. The comparison
of Fig. 6 B and C shows that as a consequence of the
different definitions, Feff is different from Fcap. The differ-
ence is especially large at the onset of the transition when
the size and number of the clusters is very small and the
fractal dimensions are Feff � 1.357 and Fcap � 0. It is,
however, a common feature of these fractal dimensions that
in the case of gel clusters they decrease with increasing
temperature, while the trend is opposite for fluid clusters.

To clarify the impact of the fractality of small gel clusters
on the diffusion coefficient measured by FRAP, Schram et
al. (1996) have developed computer simulations of fluores-
cence recovery curves in a matrix obstructed with aggre-
gates of point obstacles. Simulations have been performed
to calculate the effective fractal dimension of the aggregate
obstacles at different obstacle area fractions and aggregation
probabilities. The results of these simulations can be com-
pared with our results presented in Fig. 6 B if 1) the fractal
dimension of the aggregate obstacles refers to the effective
fractal dimension of the gel clusters; 2) the obstacle area
fraction refers to the fraction of gel state lattice points; and
3) the obstacle area fractions in Shram’s data are replaced
by the respective temperatures. [These temperatures can be
obtained from the melting curve of the equimolar mixture of
DMPC/DSPC (see, e.g., Fig. 3 B in Sugar and Biltonen,
2000).] In Fig. 6 B the solid line marked by crosses has been
derived from Schram’s data (see Table 1, at Pagg � 1 in
Schram et al., 1996) and it is close to the data points
obtained from our simulations for the effective fractal di-
mension of the gel clusters at different temperatures. It is
important to note that Schram’s data at Pagg � 1 were
utilized because at this aggregation probability the percola-
tion frequencies of the aggregate obstacles are closest to the
percolation frequencies of the gel clusters in our DMPC/
DSPC model. [The percolation frequency of the obstacle
aggregates (at Pagg � 1) changes from 0 to 1 when the
obstacle area fraction changes from 0.3 to 0.4, while in our
simulations the same change of the percolation frequency of
the gel clusters takes place when the fraction of the gel state
lattice points changes from 0.24 to 0.5 (see Fig. 8 C in Sugar
et al., 1999).]

So far it has been shown that not only the calculated
excess heat capacity curves, but also calculated geometrical
properties of the clusters, such as percolation thresholds,
fractal dimensions, and center-to-center distances, are in
quantitative agreement with the experimental data. In the
rest of the paper, by using the same model (with the same
model parameter values), other geometrical properties of
the clusters will be calculated. Currently, experimental data
are not available to confirm the validity of these calculated

results. However, the success of our model in correctly
calculating other geometrical properties increases the pos-
sibility that these theoretical results are correct, too.

Inner islands of clusters

In Fig. 7 A the average number of inner islands 
NI� are
plotted against the size of the host fluid cluster, S. Up to S �
6 the average number of inner islands is exactly zero, and
then it gradually increases.

In Fig. 7 B the average size of the inner islands, 
SI�, is
plotted against the size of the host fluid cluster, S. There is
no inner island at S � 6. From S � 6 the average size of the
inner islands gradually increases from 1 to �2.

The data in Fig. 7 are taken at three different tempera-
tures: 302, 305.3, and 306 K. With increasing temperature
the upper bound of the size of the host fluid clusters in-
creases from 200 to �600; however, at a given size of the
host cluster 
NI� and 
SI� do not show any significant
temperature dependence. The average number of inner is-
land versus the size of the host cluster can be described by
the following power function (see solid line in Fig. 7 A):


NI� � D1 � SD2. (8)

However, the average size of an inner island versus the size
of the host cluster can be described by the following expo-
nential function (see solid line in Fig. 7 B):


SI� � 1 � E1 � �1 � e�E2�S	. (9)

The model parameters of Eqs. 8 and 9 have been obtained
by means of nonlinear parameter estimation (see the legend
to Fig. 7). It is important to note that similar results were
obtained for the average number and size of inner islands in
host gel clusters.

Inner islands are visible on AFM scans of equimolar
DMPC/DSPC bilayers when their size is larger than the
resolution of AFM (�10 nm). Direct comparison, however,
cannot be made with the calculated results when the size of
most of the inner islands is below this resolution.

Cluster arms

One may expect that the number of arms linearly increases
with the outer perimeter of the cluster. In Fig. 8 A the
average number of arms of the fluid clusters 
NA(S)� is
plotted against the clusters’ average outer perimeter

PO(S)�. Except for clusters of S � 8 the simulated data
support the above expected linearity (data are not shown for
gel clusters), i.e.,


NA�S	� � �1/B	 � 
PO�S	� � C (10)

The estimated values of the model parameters, B � 30 and
C � 1.25, do not show significant temperature or state
dependence. Thus the average perimeter per arm is �30, or
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in nanometers it is 15 � [(lg � ll)/2] � 8.2 nm (see Eq. 3),
where (lg � ll)/2 is the estimated interchain distance at the
gel-fluid interface.

By substituting Eq. 6 into Eq. 10 one can get the follow-
ing relationship between the cluster size S and the number
of arms:


NA�S	� � �A/B	 � S1/Feff � C (11)

Fig. 8 B demonstrates the excellent agreement between the
simulated 
NA(S)� data and the curve calculated from
Eq. 11.

Association of clusters

Cluster growth and decrease is the result of intracluster state
change or intercluster diffusion, i.e., association and disso-
ciation of clusters. By using Eqs. 6, 8, and 9, derived for the
average outer perimeter, number, and size of inner islands
of the clusters, one can calculate the change of the outer and
inner perimeters during the association process. When two

clusters of size S1 and S2 associate, the average change of
the outer perimeter is

�PO � 
PO�S1 � S2	� � �
PO�S1	� � 
PO�S2	��

� A��S1 � S2	
1/Feff � S1

1/Feff � S2
1/Feff� (12)

It can be shown that �PO is negative for any sizes of the
associating clusters. This is the case because molecules
situated at the contact points of the associating clusters
become internal molecules of the associated cluster. The
change of the inner perimeter during the association is

�PI � 
�PI�S1 � S2	� � �
PI�S1	� � 
PI�S2	�� (13)

where 
PI(S)� is the total average perimeter of the inner
islands in a host cluster of size S. If, similarly to Eq. 6, the
average perimeter of an inner island of size SI is Ai � (SI)1/Fi,
then the total average perimeter of the inner islands is


PI�S	� � 
NI�S	� � Ai � 
SI�S	�1/Fi (14)

FIGURE 7 Calculated average number and average size of inner islands in the fluid clusters of equimolar DMPC/DSPC bilayers. (A) Average number
of inner islands versus size of the host fluid cluster. Equation 8 is fitted to the simulated data (solid line). Estimated parameters are D1 � 0.00427 � 0.00009
and D2 � 1.304 � 0.0034. The correlation coefficient is r � 0.9994. Error bars show the calculated standard deviations. (B) Average size of inner islands
versus size of the host fluid cluster. Equation 9 is fitted to the simulated data (solid line). Estimated parameters are E1 � 1.09 � 0.01 and E2 � 0.0072 �
0.0002. The correlation coefficient is r � 0.977. Cross: 302 K; open triangles: 305.3 K; open circles: 306 K.
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where 
NI(S)� and 
SI(S)� can be calculated from Eqs. 8 and
9, respectively. Calculating the change of the inner perim-
eter one may assume that the effective fractal dimension, Fi,
and fractal factor, Ai, of the inner islands are equal with the
fractal parameters of the host clusters themselves, e.g., A �
Ai � 7.7 and Feff � Fi � 1.552 (see legend to Fig. 6 A). It
can be shown that �PI is positive for any sizes of the
associating clusters. This is the case because molecules
internalized during the association process may form the
edge of inner islands in the associated cluster. The sum of
these two changes �PO � �PI gives the change of the total
perimeter during the association process. The calculations
show that the total perimeter always decreases during the
association process, i.e., the increase of the inner perimeter
cannot compensate for the decrease of the outer perimeter.
This is the case because during the association process there
are always truly internalized molecules that are not situated
at the interface of inner islands. Finally, the analysis of Eqs.
12 and 13 shows that the largest changes of PO, PI, and
PO � PI take place when equal-size clusters associate.

CONCLUSIONS

A simple two-state, two-component Ising-type model de-
scribes the gel-fluid transition of DMPC/DSPC bilayers as a

continuous transition through equilibrium states. The calcu-
lated excess heat capacities, percolation threshold tempera-
tures of gel clusters, most frequent center-to-center dis-
tances of DSPC clusters, and fractal dimensions of gel
clusters are in quantitative agreement with the respective
DSC, FRAP, neutron diffraction, and AFM data. The sim-
ulations demonstrate that nanoscale gel domains, detected
by neutron diffraction, can coexist with one large gel cluster
of size comparable with the membrane surface area detected
by fluorescence microscopy. Equations—derived for the
average outer perimeter, average number and average size
of internal islands of clusters—are utilized to investigate the
process of cluster association.

APPENDIX

Let us consider three examples of clusters and respective fractal parame-
ters.

First, in the case of circular clusters, where the periphery is smooth, the
following relationship holds for the periphery:

po � 2�� � s1/2 (15)

where s is the surface area of the cluster. The dimensionless form of Eq. 15
can be obtained by substituting Eqs. 1 and 3 into Eq. 15:

PO � 4���3/2 � S1/2 (16)

FIGURE 8 Calculated average number of arms of
fluid clusters of equimolar DMPC/DSPC bilayers.
Temperature: 306 K; open circles: simulated data. Er-
ror bars show the calculated standard deviations. (A)
Average number of arms versus cluster’s average outer
perimeter. Solid line: Eq. 10 is fitted to the straight
section of the simulated curve. Estimated model pa-
rameters: B � 29.82 � 0.05, C � 1.25 � 0.01. (B)
Average number of arms versus cluster size. The solid
line is calculated from Eq. 11 by using the above
values for B and C, while the values for A and Feff are
given in the legend to Fig. 6 A.
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and by comparing Eq. 16 with Eq. 6 factor A is A � 6.6 and the effective
fractal dimension is Feff � 2.

Second, in the case of ramified clusters, such as treelike clusters with
long branches of similar thickness, w, the perimeter is related to the
cluster’s surface area, s, as follows: po � (2/w) � s. After substituting Eqs.
1 and 3 we get the following dimensionless form of the above relationship:
PO � (4
3/W) � S. [The relationship between w and W, the thickness in
unit length, is defined by w � (W/2) � l, an equation similar to Eq. 3.] By
comparing this equation with Eq. 6 the effective fractal dimension of the
treelike clusters is Feff � 1 and the fractal factor is A � 4
3/W.

Finally, let us consider ringlike clusters with similar ring thickness, w,
and with ring diameters d �� w. In this case the outer perimeter, po, is
related to the cluster’s surface area, s, as follows: po � (1/w) � s. By
means of Eqs. 1 and 3 the dimensionless form of this relationship is PO �
(2
3/W) � S, and thus the effective fractal dimension of the ringlike
clusters is Feff � 1 and the fractal factor is A � 2
3/W.

The first and last examples show that one can get different fractal
dimensions for clusters with similar outer periphery, but with different inner
structure of the clusters. One can define fractal dimension, which is
characteristic to the shape of the outer periphery of the clusters and not to
the clusters’ inner structure, by using the following corrected form of Eq. 6:


PO�S	� � Acorr � L�S	1/Fcorr (17)

where L(S) is the number of lattice points surrounded by the outer periph-
ery of a cluster of size S. Because L is independent from the inner structure
of the clusters the effective fractal dimension, Fcorr, and the fractal factor,
Acorr, are solely characteristic of the ruggedness of the outer periphery of
the clusters. In the case of our DMPC/DSPC model the number of lattice
points belonging to the inner islands of the host cluster can be estimated by

NI(S)� � 
SI(S)� and thus L(S) � S � 
NI(S)� � 
SI(S)�. After substituting
Eqs. 8 and 9 into this relationship one can realize that L(S) � S, and thus
the corrected form of Eq. 6 will not result in significantly different fractal
parameter values.
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